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Introduction
Positronium (Ps) is the bound state of an electron and a positron. Inside materials, Ps forms mostly in molecular matter, in some insulators such as SiO 2 or in porous materials like zeolites or metal-organic frameworks. Upon implantation of a positron in a material, Ps forms in regions of low electron density [1] , whereas a screening cloud of electrons surrounds the positron in metals and semiconductors.
Ps is produced by the capture of an electron of the host material by the positron or by the binding of a free electron from the implantation track blob in both molecular (polymers, liquids) and porous materials. The capture of an electron from a host material is subject to the Ore gap which limits the capacity for creation of Ps to positrons within an energy range limited by the ionization energy of the medium (I) and the binding energy of Ps (E P s ) as I > E > I − E P s .
(
Positrons with energy larger than I will result in high energy Ps which will probably dissociate in subsequent collisions. On the other hand, positrons with lower energy cannot ionize the medium. Inside the blob composed of free electrons and radicals ionized during the slowdown, the positron can bind a free electron and escape the blob as a quasi-thermalized Ps. The formation of Ps depends on the electron affinity of the host material, the kinetics of the electron-radical recombination, and the screening of the electron-positron attraction by the surrounding media [1, 2] .
The relevance of thermalized Ps for material characterization comes from its ability to localize at open volume pockets such as large vacancies or voids where the Ps-matter repulsion is minimum. In vacuum, o-Ps (ortho-Ps, the spin-triplet state) has a relatively long lifetime of 142 ns because the fast self-annihilation of para-Ps (the spin-singlet state) via the fast two-gamma channel is prohibited for o-Ps by the conservation of the angular momentum. Inside matter, the pick-off annihilation with an electron of the host material through the two-gamma channel reduces the o-Ps lifetime typically to 1-100 ns depending on the local electron density and size of the open volume pocket [3] . The electron in o-Ps hinders efficiently further screening by electrons in the matter and prevents large values of the overlap. Scattering experiments of Ps off noble gas atoms and light closed-shell molecules has shown to be dominated by the repulsive electronelectron interaction at short distances [4] . Ps does not usually form bound states with single molecules, except at longer separations where the dispersion (van der Waals) attraction may play a role especially for molecules of high polarizability. The resulting pick-off annihilation rate remains however smaller than in metals and semiconductors and it depends weakly on the electronic properties of the host material.
The combination of the strong tendency to localize in open volume and the strong dependence of the annihilation rate on the size of the open volume pocket makes oPs an excellent probe for nano-and meso-sized pores. When interacting with radicals or atoms with unpaired electrons, o-Ps can form a strong chemical bond (chemical quenching) or become a para-Ps (p-Ps) spin-singlet (spin conversion). In both cases the lifetime of o-Ps is dramatically reduced below 1 ns. The experimental signature of the pick-off annihilation of o-Ps can thus be separated from other annihilation processes where the positron interacts stronger with the electrons of matter. Positronium annihilation lifetime spectroscopy exploits this property to measure the distribution of the open volume in materials such as porous SiO 2 [5, 6] , zeolites [7, 8] , graphene oxide composites [9] , metal-organic frameworks [10] , polymers [11, 12] or biostructures [13, 14] . Recently, Milina et al . applied Ps advanced lifetime decomposition methods to hierarchical zeolites and showed the correlation between the catalytic performance and the fraction of o-Ps annihilating in vacuum [8] .
The analysis of positron annihilation spectroscopy experiments benefit from predictions by computational models. For positrons in metals and semiconductors, the quantum-mechanical state of a single positron can be calculated based on the results of many-body theories for a delocalized positron in a homogeneous electron gas [15, 16] .
Recent advances in the application of the impulse approximation have been able to explain the electron-like scattering properties of Ps scattering off noble atoms and small molecules [17] . However, an ab-initio treatment of a system comprising two lightparticle species forming a Ps bound state inside a host material remains beyond the presently available computing capacity. The treatment of the dynamical correlations remains being a major problem when the adiabatic approximation, which allows treating classically the atom nuclei, cannot be applied.
This work explores two approaches to simulate and understand systems involving Ps beyond the single particle approach. Our aim is to develop calculation schemes able to predict accurate pick-off annihiation rates using atomistic models for relevant materials. Sections 2 and 3 of the present paper review the development of full-correlation potentials from accurate many-body explicitly correlated gaussians (ECG) calculations and apply them to obtain accurate Ps pick-off annihilation rates in molecular soft matter. Section 4 discusses the possibility of analyzing correlated states involving positronium using ideas based on reduced density matrices and natural geminals.
Simulation of Ps in molecular matter

Single particle models
An attractive starting point for modeling Ps is to consider it as a distinguishable particle. This is in line with the view of a long-living o-Ps in open volume pockets interacting weakly with surrounding matter and annihilating through the pick-off process.
A semi-empirical model widely used to describe Ps in small pores and voids (< 2 nm) is that developed by Tao [19] and parametrized first by Eldrup et al . [20] . The model relates the Ps lifetime to the pore/void radius. Ps is considered as a single particle and the pore/void is modeled using a spherical well. Extensions have been developed for rectangular or elliptic potential wells [21] and for large voids where Ps can annihilate in excited states. [22, 5, 23] The electron density of the material forms a layer of thickness ∆R on the surface of the well. The pick-off annihilation rate (λ po T E ) is calculated as the overlap of the densities of the single particle and the electrons of the material. For a spherical void of radius R, it is
Interestingly a classical model proposed by Wada et al . [24] reproduces the values predicted by the extended Tao-Eldrup model. Unfortunately, the parameter of the model, ∆R, is not well known what limits its ability to describe the chemical dependencies of annihilation properties. Anisotropic pore shapes and non-homogeneous environment, like biostructures or materials composed by polar molecules need also more detailed description of the Ps-matter interaction.
Other models have been proposed with limited scope. Schmitz and Müller-Plathe [25] proposed calculating the total Ps potential in polymers using pair potentials, and solved the resulting single-particle Schrödinger equation at finite temperature with the path integral Monte-Carlo method. Their pair potentials are parametrized using experimental scattering cross sections and polarizabilities. Saniz et al . [26] used ab-initio electronic structure calculations to define a single particle potential for Ps physisorbed on a surface. Their model could reproduce the binding energy measured on the silica surface.
Many-body calculations for the Ps
The existence of bound states of Ps and small atoms have been explored using accurate many-body ab-initio techniques. The binding energy of the ground state, the annihilation rate and in some cases the densities have been calculated. In many of these studies the many-body wavefunction Ψ(x) has been calculated using the linear combination of M ECG basis components and the stochastic variational methods (SVM) for optimization of A i non-linear coefficient matrices [28] . 
where p i is the momentum, m i the mass, and q i the charge of the i th particle, r ij is the distance between the i th and j th particles and T CM the kinetic energy of the CM. HPs [29, 30, 31, 32] , LiPs [30, 33, 34] and NaPs [30, 34] have been shown to form bound states. Thus far, only a small number of atoms have been considered, but it has been already observed that the atoms able to trap Ps have high electron affinities and open-shell electronic structures. [35] For closed-shell noble gas atoms the electronelectron Pauli repulsion adds to the Coulombic repulsion and the formation of bound states is prevented. Ps interacting with molecules remains to be studied in detail. The electron-electron repulsion will prevent the formation of strongly bound states but the van der Waals attraction may play a role.
Zubiaga et al . [27, 18, 36] have used ECG-SVM and external confining potentials to study unbound positronic systems including e + H, e + He and specially HePs. By choosing a large enough confinement radius, the wavefunction could be calculated accurately in the interaction region. The method allowed to obtain accurate interaction energies and positron densities, which were then used to calculate the full-correlation effective potentials for the positron in Ps. The main results and their application to study the pick-off annihilation rate in a molecular soft condensed matter are presented below.
Paving the way to ab-initio positronium simulations in molecular materials
Our final goal is to describe Ps using quantum-mechanical methods and an atomistic model of the host material. Approximations need to be made having in mind the need to keep the exchange-correlation characteristics and the material specificity of the interaction potential. The similarities between molecules with HOMO-LUMO gaps and closed-shell noble gas atoms in mind, we introduce a model case of Ps interacting with He. In the following, we will describe briefly the calculation of the many-body wavefunction, the construction of an accurate full correlation single-particle potential and the calculation of Ps wavefunction in voids inside solid He.
Figure 1(a) shows the radial distributions of the positron and the electrons in HePs configurations corresponding to several positron mean distance from the nucleus r p . The electron density of the He atom remains largely undisturbed and the large repulsion felt by the Ps electron and the positron prevent them from entering the electron cloud of the atom. When r p is large the density of the Ps electron closely overlaps the density of the positron similarly to Ps in vacuum, whereas for polarized Ps the strong electron-electron repulsion keeps the Ps electron more separated from the nucleus.
Construction of single-particle atom-Ps potentials
We define an atom-positron effective potential V eff (r) for the Ps-positron by inverting the single-particle Schrödinger equation with the square root of the positron density n + (r) as the eigenfunction and twice the interaction energy (E int = E HeP s − E He − E P s ) as the energy eigenvalue, [36] 
V P s ef f is a Ps positron local interaction potential for low energy elastic scattering when the excitation probability of the target is negligible. It is equivalent to the exact Kohn-Sham potential for a single positron within the two-component DFT [36] . By construction, the asymptotic value of V eff is zero far from the nucleus.
V eff for HePs, shown in Figure 1 (b), remains purely repulsive until 8 a.u. and thereafter it is only marginally attractive. The long-range repulsive tail reflects the electron-electron repulsion felt by the electron in Ps and the confinement kinetic energy of the light Ps [37] . V eff for HePs and e + He are dominated by the mean-field Coulomb positron potential (without the electron-positron correlation) close to the nucleus, r < 1 a.u. ( figure 1(b) ). However, the V eff for e + He, does not contain exchange repulsion and decays fast to zero [36] following r −4 .
Modeling of Ps in condensed matter
In soft matter, molecules bind through weak dispersion interactions and their electronic properties are not substantially modified in the condensed state. The superposition of single-particle atom-Ps interaction potentials V eff is a good approximation to the total Ps-positron potential in these materials. The positron density and the groundstate energy can then be calculated by solving a single particle Schrödinger equation for the superposition potential. In the present implementation, the problem is discretized on a three-dimensional real-space grid and solved by using a numerical relaxation finite-difference technique and periodic boundary conditions [38, 39] . The electron density is calculated as a superposition of atomic densities obtained from many-body calculations [18] . It is kept frozen when the Schrödinger equation is solved for the Ps positron. The pick-off annihilation rate (λ setting the enhancement factor equal to the unity:
where r 0 is the classical electron radius, c is the speed of light, n + (r) is the positron density, and n − (r) is the total electron density of the material. Below 15 K 4 He crystallizes in a hexagonal close-packed phase when the pressure is above 25 bar [40] and its lattice parameter vary between 8.3 a.u. at 35 bar and 4.0 a.u. at 4.9 kbar. Rytsölä et al . [41] measured pick-off annihilation rates ranging between 0.012 1/ns (25 bar) and 0.018 1/ns (63 bar).
Quasi-spherical voids in solid He
The pick-off annihilation rate in solid He can be calculated within the scheme introduced above. The Ps-positron density is calculated in six supercells comprising 448 He atoms, each with lattice parameters (a lat ) between 5.0 a.u and 8.3 a.u. In each lattice, quasispherical voids with open volumes ranging from 1 to 81 missing He atoms have been introduced. By taking a large enough supercell we ensure that the positron density is low enough at the supercell boundary so that the interaction between periodic images is negligible and the total energy of the positron is well converged
The long tail of V eff increases the total potential in the bulk and only inside a void the total potential is low enough to confine Ps (Figure 2(a) and 2(c) ). The weak dispersion attraction of He induces a shallow potential well near the wall of the void. The main contribution to the pick-off annihilation rate in Figure 2(d) comes from the atoms forming the wall of the void. The second neighbours also contribute to smaller extent, specially when the void is small.
The pick-off annihilation rates, λ po c , in Figure 3 show how the pick-off annihilation rate decreases as the size of the void increases (r sph ≥3 a.u.). Moreover, the decay rate does not depend on the lattice parameter. The interaction energy follows also a common curve for voids of the same size (not shown, see reference [27] ). The λ The pick-off annihilation rates measured by Rytsöla et al .
[41] at 1.4 K correspond to void radii ranging from 5.7 a.u. at 63 bar to 6.5 a.u. at 25 bar. At 25 bar He transforms into the liquid phase and the bubble radius increases to 6.8 a.u. At 4.2 K the bubble radius of liquid He ranges between 5.9 a.u. and 6.9 a.u. In polymers, the Tao-Eldrup model with ∆R = 1.66-1.8 a.u. yields radii ranging from 3.5 a.u. to 8 a.u. In contrast, a spherical finite potential well yield values between 12 a.u. and 27 a.u. [41] . In organic liquids the values range from 7 a.u. to 11 a.u. [3] .
Dispersion interaction
Even relatively weak dispersion attractions can have an impact in the pick-off annihilation of Ps confined inside open volume pockets or voids. This is so because the contact density of the Ps-positron and the tail of the electron density is small. The effect has been estimated within the present model by adding to V eff a van der Waals term V(R) = g(αR) ∆C 6 /R 6 . Here, the damping function g(αR) prevents unphysical behaviour of V(R) as Ps approaches the electron cloud of He. [42] The strengthened van der Waals interaction does not affect the pick-off annihilation rate in small voids but for voids larger than 8-9 a.u. it remains larger than for the original V eff . The pick-off annihilation rates deviate from the Tao model and tend to saturate at values which depend on the intensity of the van der Waals term. For the strongest dispersion considered the electron-layer thickness ∆R that best fits the data ranges from 0.7 a.u. for voids of r sph ∼ 5 a.u. to 1.1 a.u. when r sph ∼ 20 a.u. On the other hand, the annihilation rates for the modified V eff without any dispersion attraction are well described by the TE model for voids larger than 8 a.u. with ∆R = 0.4-0.5 a.u. This difference is caused by a resonant increase of the positron density near the walls of the void correlated with the depth of the attractive well.
Two-particle picture of interacting electron-positron systems
While the models discussed above use results from many-body quantum calculations to define practical effective potentials aimed at describing Ps in soft matter and the associated annihilation parameters, it is desirable to search for a more fundamental and general description of correlated positron-electron systems that can involve both free positrons, and most importantly, formation of correlated states such as Ps. For that purpose, let us suppose now that we know the exact many-body ground state of our system and want to somehow analyze and quantify the nature of correlated electron-positron states (e.g. Ps-like) present. The properties of interacting manyparticle systems in their ground state are determined by the time-independent manybody Schrödinger equation and its ground-state solution, the many-body wave function, Ψ(r 1 , r 2 , . . . , r N ), a multi-dimensional quantity which is difficult to solve and represent in a general case. A simpler quantity providing access to expectation values of one and two-body operators is the two-body reduced density matrix (2-RDM). The 2-RDM of a many-body ground state can be obtained by summing over, or contracting, all particles except two. As an example, the zero-temperature electron-positron 2-RDM can be written as
where N e and N p are the numbers of electrons and positrons, r i is the position of particle i, and the subscripts e and p denote electrons and positrons with fixed spin directions. The spin indices could be carried in the equations together with the coordinates, but we fix the spins in the numerical examples below, and thus adopt such a convention in our formulae. Here, we assume that the first argument of the properly antisymmetrized wave function Ψ(r 1 , r 2 , . . . , r N ) is the positron coordinate, whereas the rest of the coordinates are for electrons. The electron-positron 2-RDM is the quantity of interest when one is interested in the physical properties of positronium formation and positron annihilation, such as the annihilation rate or the momentum density of annihilating pairs. In principle, any expectation value of a one or two-body observable can be evaluated using the 2-RDM, such that it contains all the relevant information about individual particles and particle pairs related to the ground state wave function. However, it is not straightforward to solve the 2-RDM without first solving the full many-particle ground state, since candidate 2-RDMs have to fulfill the so-called N-representability conditions [43, 44] that guarantee the 2-RDMs to correspond to true wave functions. There has been much work done about the theory and numerical methods as well to use RDMs instead of the full wave function to describe the state of a physical system [43, 44, 45, 46, 47] . Another rigorous avenue to obtain amplitudes of physical processes, such as positron scattering and annihilation, is to use perturbative expansions and diagrammatic many-body theory [48, 49, 50] .
When analyzing correlated systems with electrons and positrons, it is useful to find a description involving interacting pairs of electrons and positrons. Instead of isolating just a single pair of distinguishable particles that are chosen to represent Ps, the proper antisymmetrization can be taken into account by using the 2-RDM. It can be expanded by two-particle states, or geminals {ω i } as
Furthermore, the 2-RDM is Hermitian with respect to the first and second pairs of coordinates or indices, and it can be therefore diagonalized as
The resulting orthonormal two-particle eigenfunctions {α j } are called natural geminals, and the eigenvalues g j are the real, non-negative weights corresponding to classical (non-interfering) occupations. Most importantly, the 2-RDM expansion is diagonal in the basis of the natural geminals
By tracing both sides, it follows that j g j = N p N e . In practice, the 2-RDM elements can be numerically evaluated by expanding in suitable single-particle orbital bases, say {φ e i } and {φ
where the factors are ρ
jeâleâkp . Such a four-index sum is less elegant than Eq. (10) to analyze correlations, and it is more difficult to develop accurate approximations for such an expression. Typically a good choice for the single-particle basis is the set of natural orbitals {ϕ j } that diagonalize the 1-RDM, written for instance for the electron as γ e (r e , r ′ e ) = N e dr p dr 3 . . . dr N Ψ(r p , r e , r 3 , . . . , r N )Ψ * (r p , r ′ e , r 3 , . . . , r N ),
such that
where n e j are the eigenvalues, namely the occupations of the natural orbitals. The 2-RDM can be understood intuitively as a mixed state of two particles, which can be written as a sum of pure states with certain classical probabilities. The observable averages can also be written in a convenient way, namely as a sum of the observable averages of the pure state natural geminals weighted by the probabilities g j . For instance, the interaction energy between positrons and electrons (one spin component only) is written in a compact form as
Similarly, the contact density (density of electrons at the positron's site) can be written using the natural geminals as n − (r)n + (r) = Γ ep (r, r; r, r) =
wheren − (r) andn + (r) are the operators for electron and positron densities, respectively. The contact density provides the positron annihilation rate
Here, the spin parts are not explicitly included, and a projection to the singlet spin state is required to evaluate the 2γ annihilation rate. Furthermore, if electrons and positrons are approximated as independent, the contact density becomes
While contact density is strictly a two-body observable, the independent particle approximation (IPA) reduces it to the single particle picture. The true and IPA contact densities can be related by defining the usual enhancement factor γ(r) for particular inhomogeneous model systems, as Γ ep (r, r; r, r) = γ(r)n − (r)n + (r). The enhancement factor describes the short range screening of the positron by the electrons, which increases the annihilation rate compared to the IPA. This information is not contained in the average one-body densities n − (r) and n + (r), which are the fundamental quantities in two-component density-functional calculations.
The momentum density of annihilating electron-positron pairs can be written in a simple and intuitive form using the natural geminals as [51] 
where again the spin state has to be projected to the singlet state, since the formula is exclusively for 2γ annihilation. That is, the momentum density is the squared amplitude of the Fourier transformed electron-positron wave function with coinciding coordinates. The contact density can be written in the IPA by using Γ ep (r, r; r ′ , r ′ ) ≈ γ e (r, r ′ )γ p (r, r ′ ), and then plugging in for instance the natural orbital expansion Eq. (13), resulting in
where, more often than not, the occupations n e j and n p k take integer values (0 or 1) such as in mean-field or conventional DFT calculations, or in any method that is inherently in the single particle picture.
It is possible to develop the enhancement models further. By comparing for instance Eq. (15) to Eq. (17), or Eq. (18) to Eq. (19), state-dependent enhancement factors can be defined that relate natural geminals to the product states of natural orbitals (the limit in the absence of electron-positron interaction) as [51] 
Index j where ϕ p 0 is the positron state, and {ϕ e j } are the electron natural orbitals. Such an enhancement model works reasonably well, if the positron natural occupations are described by a step function, since in principle all the partially occupied states have to be included as well. It is crucial that only those natural geminals and natural orbitals with the same shell or symmetry properties are related, or otherwise the enhancement factors would not only describe the enhancement of the annihilation rate but also how the geminal and orbital product symmetries differ. A straightforward method could be to continuously mapping the natural geminals to the natural orbital product states by gradually tuning the system parameters by increasing the correlations in the system. Because of this and since the natural geminals and their eigenvalues in Eq. (18) are unique, the expressions of Eq. (10) and Eq. (20) can be, in principle, used to determine practical enhancement models beyond the IPA to be used in the context of large-scale electronic-structure or band-structure calculations [51] . Other similar statedependent enhancement factors have been defined and evaluated in Refs. [49, 50] , where a diagrammatic many-body approach is used to solve the positron annihilation on noble gas atoms.
Isolated positronium
We performed numerical simulations of a model system containing a positron and several electrons in an isotropic harmonic trap, in order to illustrate the one-body and twobody pictures of natural orbitals and natural geminals, respectively. The interacting N-particle Hamiltonian is written aŝ
where ω is the harmonic confinement strength and q i is the charge of particle with index i. We solved the ground state manifold using exact diagonalization with a basis cutoff procedure. Namely, only the lowest 8 non-interacting energy shells (120 orbitals) of the non-interacting problem were included to construct the many-body basis configurations. In three dimensions, the non-interacting energy shells have 1, 3, 6, 10, . . . orbitals. By lowering the confinement ω, we can tune the interaction with respect to the energy gaps between the energy shells, effectively approaching the limit of no external potential, yet trapping the particles due to small ω and the cutoff of orbitals.
In the case of an isolated Ps, namely a system containing a positron and an electron, the 2-RDM of the ground state is the full density matrix of the pure ground state Ψ(r p , r e ). The natural geminal expansion is written trivially as
where now only the geminal corresponding to the Ps wave function is occupied. We hoped to catch Ps-like bound states proportional to exp(−|r p −r e |/a), such that the state had been additionally localized due to the confinement and orbital cutoff. It is evident that such a state with interparticle distance in the exponent cannot be written as a single product of uncorrelated orbitals, namely as a separable state. As a result, at least some of the 1-RDM eigenvalues must have values other than 0 (fully unoccupied) and 1 (fully occupied).
We evaluated the 1-RDM eigenvalues of the isolated Ps ground state, and they are shown in Fig. 5(a) . With a high value of the confinement ω, the closed shell system is well approximated by the product state of the most occupied electron and positron natural orbitals, namely ϕ p 0 (r p )ϕ e 0 (r e ), since the confinement is too strong to let particles occupy the other energy shells. However with low ω, the single-particle picture breaks down in the sense that some of the 1-RDM eigenvalues take values between 0 and 1. Such partial occupations indicate correlations and entanglements with respect to the given partitioning, in this case between the positron and electron. Furthermore, the shell structure is clearly visible in the 1-RDM eigenvalues, and with low enough ω, the total occupation in the second lowest (p-type) energy shell is already higher than in the lowest (s-type) energy shell.
To further illustrate the correlations present in the system, the electron-positron contact density is compared to the contact density in the independent particle approximation in Fig. 5(b) . With lower ω also corresponding to stronger correlations, the tail of the contact density is longer. On the other hand, the contact density close to the potential center seems to saturate, as the system is expected to form Ps-like bound states. The independent particle approximation gives systematically too low contact density values. It works moderately for the ω = 1 case, and poorly for the other cases. Despite the enhancement factor can be neglected in few cases as the pick-off annihilation of o-Ps discussed above, a general approach needs enhancement models within the single particle picturetodescribe many-bodyquantities such as contact densities, annihilation rates andmomentum densities of annihilating electron-positron pairs.
Negative positronium
It is interesting to consider the case of negative positronium, Ps − , that has one positron and two electrons of opposite spins. The natural question to ask is then whether the electron-positron pairs within the system form Ps-like bound states, and how the natural geminals would display this. The 1-RDM eigenvalues and electron-positron 2-RDM eigenvalues of the ground state are shown in Fig. 6 . The single-and two-particle pictures break down with low enough confinement strength ω, in the sense that the natural occupations are not described by a step function. However, since there are only three particles, the natural orbitals and natural geminals are dual descriptions. Namely, when partitioning a system into two subsets in general, one with p and the other with the remaining (N − p) particles, the corresponding p-RDM and (N − p)-RDM have the same eigenvalues, and the natural states are related [43] . In fact, the numerical eigenvalues in Fig. 6 of Γ ep and γ e (or Γ ee and γ p ) are the same. Furthermore, the ground state, its natural orbitals and natural geminals are related by
where
Similarly, the natural orbitals can be obtained by contracting the corresponding natural geminal from the ground state.
In Fig. 6 , the highest positron 1-RDM natural occupation in each case is clearly lower than the corresponding highest electron 1-RDM natural occupation. This can be interpreted as the electron pairing with a positron more likely than with another electron, as the positron is more correlated than an electron with respect to the rest of the system, namely the remaining two particles. The Ps − ground state wave function can be written using the natural states as [43] Ψ(r p , r e↑ , r e↓ ) = 
The ground state could also be written by partitioning the electrons together, but in that case the linear combination would contain more terms with amplitudes that are still relevant, as indicated by the broader eigenvalue distribution of the positron 1-RDM compared to the electron 1-RDM. Therefore the ground state can be better approximated as a product of an electron orbital and an electron-positron pair wave function. The contact densities in the Ps − systems with various confiments ω are shown in Fig. 7(a) . They are similar to the Ps cases studied above, but the Ps − contact densities seem to converge from below as ω is decreased. Furthermore, the tail is slightly shorter in the case of Ps − , indicating that the probability of finding both the positron and an electron at the same position r further from the trap center is lowered due to the third electron. However, in the highly correlated limit, the contact density at the trap center is slightly increased. Again, the independent particle approximation (dashed lines) systematically results in too low contact density values.
The contact densities and other observable averages can be approximated for instance by assuming only a single geminal or a single product state of orbitals to describe the electron-positron pair. To estimate how such approximations would work, the contact densities of the lowest natural geminal α 0 and the product state of the lowest natural orbitals ϕ e 0 ϕ p 0 are shown in Fig. 7(b) . Such ansätze clearly result in too high values of contact densities especially at small distances r from the trap center, due to oversimplification of the natural occupation distributions and overemphasis on the s-type states. The difference to the true many-body contact density is shown in Fig. 7(c) , where it can be seen that the ansätze work moderately with ω = 1, 0.1, but especially the product of the lowest natural orbitals fails to estimate the contact density in the strongly correlated regime.
Larger systems and positronium formation
We solved numerically the system containing a positron and four electrons of each spin in a harmonic trap, namely 1 + 4 + 4 particles in total. Since there are as many particles as orbitals in the closed non-interacting energy shells, and assuming non-zero ω, the ground state is unique. Moreover, only those many-body configurations that had a total noninteracting energy smaller than a certain cutoff were included in the many-body basis used in the calculation. The cutoff was chosen as 33[hω] that resulted in a basis spanned by roughly 2 × 10 8 basis vectors, whereas the full basis without any cutoff procedure would be untractable, almost 10
16 . Such many-body basis cutoff schemes work well with large ω, namely weakly correlated systems, since some of the correlations, such as simultaneous occupations of multiple particles in higher energy shells, are omitted.
The eigenvalues of the ground state 1-RDMs and the electron-positron 2-RDM are shown in Fig. 8 . The single-particle picture of positrons survives even to low values of confinement strength ω, as all the positron 1-RDM eigenvalues are close to 1 (occupied) or 0 (unoccupied). This implies that the positron could be treated rather accurately in a mean-field level, where the electrons only screen the potential felt by the positron, while not breaking the shell structure. That is, the system is too packed for Ps-like bound states to occur, which would require stronger correlations that are seen as partially filled orbitals. Even if there are only minor correlations between the positron and the rest of the system, the electron 1-RDM eigenvalues, shown in Fig. 8(b) , imply correlations between the electrons, especially when the confinement strength ω is decreased. The higher energy shells are also partially occupied by electrons. The electron-positron 2-RDM eigenvalues g j , shown in Fig. 8(c) , are similar to those of the electron 1-RDM eigenvalues n e j . This can be explained by considering the limit of vanishing electronpositron correlations, such that the eigenvalues satisfy g j = n p 0 n e j and for the natural geminals α j (r p , r e ) = ϕ p 0 (r p )ϕ e j (r e ), where the positron is assumed to be described by a single orbital ϕ p 0 such that n p 0 = 1. The momentum density of annihilating electron-positron pairs in the 1 + 4 + 4 system is shown in Fig. 9(a) with various values of confinement ω. The Gaussian shape of the momentum distribution is not altered much by the confinement strength ω. The many-body contact densities Γ ep (r, r, r, r) are again compared to the contact densities in the independet particle approximation in Fig. 9(b) . Even if the highest positron 1-RDM eigenvalue is close to 1, the independent contact density n − (r)n + (r) clearly underestimates the true contact densities, also in the least correlated case considered that is ω = 1. The resulting enhancement factors, defined as the ratio of Γ ep (r, r, r, r) and n − (r)n + (r), are shown in 9(c). The effect of confinement ω is surprisingly small, as the enhancement factor curves are similar especially close to the trap center.
We evaluated the contact densities of the lowest s-type and p-type shells, namely summing the contact densities of the states with indices j = 0 and j = 1, 2, 3, respectively. The many-body contact densities are compared to the contact densities of the natural orbital product states in Fig. 9(d) and Fig. 9(e) . The resulting shelldependent enhancement factors are shown in Fig. 9(f) . The symmetry of the p-shell is clearly visible by the vanishing of the contact density at the harmonic trap center. Quite interestingly, the shell-dependent enhancement factors are slightly larger than the enhancement factors defined as the ratio of Γ ep (r, r, r, r) and n − (r)n + (r). The main difference is that the geminal and orbital eigenvalues are not taken into account here, as they are not included in the definition of the state-dependent enhancement factors, whereas the full spectrum of the eigendecomposition is used to evaluate Eq. (15) and Eq. (17) .
In open shell systems, on the other hand, the ground state manifold has typically more correlations, as there are multiple many-body configurations with similar weights. The natural geminals of electron-positron pairs are again the quantum states relevant to Ps formation and to related observables. In the general case, the ground state wave function can be written using the natural geminals as [43] Ψ(r p , r e , r 3 , . . . , r N ) = i c i α pe i (r p , r e )β i (r 3 , . . . r N ), (25) where β i (r 3 , . . . r N ) are the (N − 2)-particle natural states that are the eigenfunctions of the (N − 2)-RDM, and c i are the complex coefficients for which |c i | 2 matches the eigenvalues of both natural states. Curiously, the right-hand side is antisymmetric without the need of an explicit antisymmetrization, if the left hand side is antisymmetric. However, constructing such a linear combination without a priori knowledge of the ground state might be difficult, as one is faced with the N-representability problem. Furthermore, even in the case of several non-interacting electrons, there must be more than just a single term in the expansion, suggesting that multiple orthogonal geminals are needed in such an ansatz.
Discussion and Conclusions
Modeling of the pick-off annihilation properties of Ps in molecular materials is necessary in connection with the interpretation of experimental positron annihilation data. However, ab-initio models of Ps are computational heavy problems which presently cannot be addressed without certain degree of approximation. The simplifications done to the full problem will limit the accuracy of the predicted values.
We have described a full-correlation Ps-positron potential for Ps interacting with He. It is characterized by a long range tail caused by the extremely low mass of Ps. We have also presented a scheme that for the first time includes full correlation Ps-positron potentials in atomistic models of a molecular soft material and is able to provide accurate distributions and pick-off annihilation rates. This scheme is able to describe the impact of the void size and it is sensitive to the electronic properties of the host material. It can address properties like the effect of the dispersion attraction, the shape of the void or the partial charges of the molecules [27] .
We have shown how it can be implemented in a model of solid He which keeps the main characteristic of molecular materials, i.e., relatively weak molecular bonds and a HOMO-LUMO energy gap that prevents the capture of electrons by the host molecules. The pick-off annihilation rates and the localization energies in quasi-spherical voids fall into a common curve depending only on the size of the void, and independently of the lattice parameter of the crystal. Remarkably, the pick-off annihilation rate agrees with the prediction of the Tao-Eldrup model, once the layer parameter is adjusted for the low polarizability of He. The present results suggests that the layer parameter is larger as the size of the voids increases by the influence of the weak attractive dispersion. Partial charges present in molecular soft-matter can have a large impact in the annihilation properties (described in Zubiaga et al. [27] ).
Accurate description of Ps in molecular materials will require developing appropriate electron and positron potentials that can be scaled for systems of any size. One pathway would be studying the generalization of effective positron potentials for larger molecular systems. Although this is difficult task for big molecules, already the knowledge gained from smaller model systems will guide to improve the description of Ps in those systems.
On a more conceptual level, we have found the concepts of reduced density matrices and their eigenfunctions such as the natural geminals useful for analyzing and understanding the nature of electron-positron correlations in fully interacting manybody systems. This theoretical framework enables a general and unique two-particle picture for the analysis of the correlation effects without the need to neglect any interactions or correlations present in the system.
